In this paper, we establish a full statement ofĆirić's fixed point theorem in the setting of cone metric spaces. More exactly, we obtain a priori and a posteriori error estimates for approximating fixed points of quasi-contractions in a cone metric space. Our result complements recent results of Zhang (Comput. Math.
Introduction
In this paper, we study fixed points of quasi-contraction mappings in a cone metric space (X, . A unified theory of cone metric spaces over a solid vector space was developed in a recent paper of Proinov [] . Recall that an ordered vector space with convergence structure (Y , ) is called:
• a solid vector space if it can be endowed with a strict vector ordering (≺);
• a normal vector space if the convergence of Y has the sandwich property. Every metric space (X, d) is a cone metric space over R (with usual ordering and usual convergence). On the other hand, every cone metric space over a solid vector space is a metrizable topological space (see Proinov [] and references therein). It is well known that a lot of fixed point results in cone metric setting can be directly obtained from their metric versions (see Du For instance, for this purpose we can use the following theorem. This theorem shows that every cone metric is equivalent to a metric which preserves the completeness as well as some inequalities.
Theorem . ([, Theorem .]) Let (X, d) be a cone metric space over a solid vector space (Y , ). Then there exists a metric ρ on X such that the following statements hold true.
(i) The topology of (X, d) coincides with the topology of (X, ρ). http://www.journalofinequalitiesandapplications.com/content/2014/1/226
(ii) (X, d) is complete if and only if (X, ρ) is complete.
(iii) For x, x  , . . . , x n ∈ X, y, y  , . . . , y n ∈ X and λ  , . . . , λ n ∈ R, In , Banach [] proved his famous fixed point theorem for contraction mappings. Banach's contraction principle is one of the most useful theorems in the fixed point theory. It has two versions: a short version and a full version. In a metric space setting its full statement can be seen, for example, in the monograph of Berinde 
for all x, y ∈ X.
There are a large number of generalizations of Banach's contraction principle (see, for example, [-] and references therein). In , Ćirić [] introduced contraction mappings and proved the following well known generalization of Banach's fixed point theorem.
Theorem . Let (X, d) be a complete metric space and T : X → X be a quasi-contraction with contraction constant λ. Then the following statements hold true:
(i) Existence and uniqueness. T has a unique fixed point ξ in X.
(ii) Convergence of Picard iteration. For every starting point x ∈ X the Picard iteration sequence (T n x) converges to ξ .
(iii) A priori error estimate. For every point x ∈ X the following a priori error estimate holds:
Following Zhang [] , in the next definition, we define a useful binary relation between an ordered vector space Y and the set of all subsets of Y . It plays a very important role in this paper as it is used to prove our main result. for all x, y ∈ X. 
By applying Theorem . to the first two conclusions of Theorem ., we obtain the following fixed point theorem in a cone metric setting. 
Preliminaries
In this section, we introduce some basic definitions and theorems of cone metric spaces over a solid vector space. 
A real vector space Y endowed with convergence is said to be a vector space with convergence. If x n → x, then (x n ) is said to be a convergent sequence in Y , and the vector x is said to be a limit of (x n ). 
Definition . ([]
) Let (Y , , →) be an ordered vector space with convergence. A strict ordering ≺ on Y is said to be a strict vector ordering if it is compatible with the vector ordering, the algebraic structure and the convergence structure on Y in the sense that the following are true:
(S) If x n → x, y n → y and x ≺ y, then x n ≺ y n for all but finitely many n.
It turns out that an ordered vector space can be endowed with at most one strict vector ordering (see Proinov Recall also that a sequence (
In order to prove our main result we need the following two theorems.
) be a cone metric space over a solid vector space (Y , ) and T : X → X. Suppose that for some x ∈ X, the Picard iteration (T n x) converges to a point ξ ∈ X. Suppose also that there exist nonnegative numbers α and β such that
Then ξ is a fixed point of T .
Auxiliary results
Let A be a subset of a real vector space Y . Recall that the convex hull of A, denoted co A, is the smallest convex set including A. Suppose x, x  , . . . , x n ∈ Y . It is well known that x ∈ co{x  , . . . , x n } if and only if there exist nonnegative numbers α  , . . . , α n such that (P) x co{λx, x  , . . . , x n } ⇔ x co{x  , . . . , x n } if λ <  and x i  for some i;
Proof We only prove the necessity of (P) since the proofs of the other properties are similar. The inequality x co{λx, x  , . . . , x n , } implies that there exist nonnegative numbers α, α  , . . . , α n such that α + n i= α i =  and x αλx + n i= α i x i . From this inequality and αλ < , we deduce
where
By the assumptions, we have x i  for some i. Without loss of generality we may assume that x  . Define the nonnegative numbers γ  , . . . , γ n by γ  =  - 
Lemma . Let (X, d) be a cone metric space over an ordered vector space (Y , ),
T : X → X be a quasi-contraction with contraction constant λ ∈ [, ), and let x ∈ X. Then for every m ∈ N, we have
Proof We prove the statement by induction on m. It is obviously true for m = . Assume that n ∈ N and assume that () is satisfied for any natural number m ≤ n. We have to prove
We divide the proof of () into three steps.
Step . We claim that for every natural number i ≤ n the following inequality holds:
By the definition of the quasi-contraction mapping, we obtain
From the induction hypothesis and properties (P) and (P), we get the following three inequalities:
From the last four inequalities and properties (P) and (P), we obtain the desired inequality.
Step . We claim that for every natural number i ≤ n the following inequality holds:
We prove this by finite induction on i. Setting i =  in the claim of Step , we immediately arrive at the following inequality:
which proves the claim of Step  for i = . Assume that for some i ≤ n, the claim of Step  holds. Now we shall show that
It follows from Step  that
By the finite induction hypothesis and property (P), we have
From (), (), and properties (P) and (P), we obtain ().
Step . Now we shall prove (). From the claim of Step  with i = n, we get
According to the property (P), this inequality is equivalent to
which by (P) implies
Finally, by the claim of Step  and the inequality (), taking into account the properties (P) and (P), we obtain (). This completes the proof of the lemma.
In the following lemma, we show that if T is a quasi-contraction of a cone metric space X, then for every starting point x ∈ X, the Picard iteration sequence (T n x) is bounded in the space X.
Lemma . Let (X, d) be a cone metric space over an ordered vector space (Y , ),
Proof We prove the statement by induction on m. If m = , then inequality () holds since  ≤ λ < . Assume that n ∈ N and assume that () is satisfied for any natural number m ≤ n. Then we have to prove that
From the triangle inequality, we obtain
By Lemma ., we get
By the induction hypothesis, we have that () holds for all m ≤ n. Then it follows from (), (P), and (P) that
This inequality implies that there exists
Combining () and (), we get
which is equivalent to the following inequality:
Multiplying both sides of this inequality by /( -λ + αλ), we obtain (). This completes the proof of the lemma.
Lemma . Let (X, d) be a cone metric space over an ordered vector space (Y , )
, and let T : X → X be a quasi-contraction with contraction constant λ ∈ [, ). Then for all x, y ∈ X, we have
Proof Let x, y ∈ X be fixed. First we shall prove that
It follows from Definition . that there exist five nonnegative numbers α, β, γ , μ, ν such that α + β + γ + μ + ν =  and
.
From this and the inequalities d(y, Ty) d(x, y) + d(x, Ty) and d(y, Tx) d(x, y) + d(x, Tx),
we obtain
This inequality yields () since α + γ + ν ≤ , β + ν ≤  and γ + μ ≤ . Now we are ready to prove (). From the triangle inequality, we get
From this and (), we obtain
which can be presented in the following equivalent form:
Multiplying both sides of this inequality by /( -λ), we get (). (iii) A priori error estimate. For every point x ∈ X the following a priori estimate holds:
(iv) A posteriori error estimates. For every point x ∈ X the following a posteriori estimate holds:
Proof Let x be an arbitrary point in X. By Lemma ., for all m, n ∈ N with m ≥ n, we have
From this, Lemma ., and properties (P) and (P), we deduce
Note that (b n ) is a sequence in Y which converges to  since λ n →  in R. Now applying Theorem . to the Picard sequence (T n x), we conclude that there exists a point ξ ∈ X such that (T n x) converges to ξ and d(T n x, ξ ) b n for every n ≥ . The last inequality coincides with the estimate (). Setting n =  in (), we get
which means that ξ ∈ U(x, r). The inequality () holds for every point x ∈ X. Applying () to the point T n x, we obtain (). Setting n =  in (), we get
Applying ( The aim of this section is to unify these two examples. Let B denote the set of all quasicontractions of the type (), and let C denote the set of all quasi-contractions defined by (), that is, • a λ co{b, c} for some λ ∈ [, ), b a + c and c a + b.
• a k{b, c} is wrong for every k ∈ [, ). Using Lemma ., it is easy to prove that T ∈ C if and only if a λ co{b, c} for some λ ∈ [, ). Analogously, taking into account Remark ., one can easily prove that T ∈ B if
Proposition

